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Abstract
We perform a comprehensive study of The Higgs potential of the two Higgs doublet
model extended by a real triplet scalar field ∆. This model, dubbed 2HDM+ T , has
a rich Higgs spectrum consisting of three CP-even Higgs h1,2,3, one CP-odd A0 and two
pairs of charged Higgs H±1,2. First, we determine the perturbative unitarity constraints
and a set of non trivial conditions for the boundedness from below (BFB). Then we
derive the Veltman conditions by considering the quadratic divergencies of Higgs boson
self energies in 2HDM+ T . We find that the parameter space is severely delimited by
these theoretical constraints, as well as experimental exclusion limits and Higgs signal
rate measurements at LEP and LHC. Using HiggsBounds-5.3.2beta and HiggSignals-
2.2.3beta public codes an exclusion test at 2σ is then performed on the physical scalars
of 2HDM+ T . Our analysis provides a clear insight on the nonstandard scalar masses,
showing that the allowed ranges are strongly sensitive to the sign of mixing angle α1,
essentially when naturalness is involved. For α1 < 0 scenario, our results place higher
limits on the bounds of all scalar masses, particularly on mh3 and mH±2
which are
predicted to be nearly mass degenerate varying within the interval [179 , 290] GeV.
When α1 turns positive, we show that consistency with theoretical constraints and
current LHCS data, essentially on the diphoton decay channel, favors Higgs masses
varying within wide allowed ranges: [153 , 973] GeV for mA0 ; [151 , 929] GeV for (mh2 ;
mH±1
) and [186 , 979] GeV for (mh3 , mH±2
). Finally, we find that the γγ and Zγ
Higgs decay modes are generally correlated if tanβ lies within the reduced intervals
18 ≤ tanβ ≤ 25 and λb parameter is frozen around 4 (3.75) for sinα1 > 0 (sinα1 < 0).
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1 INTRODUCTION
With the LHC discovery of a scalar resonance with a mass about 125 GeV and properties compatible
with the Higgs boson predicted by the Standard Model (SM), the SM has gained a status of a
theory [1–5] while the Brout-Englert-Higgs mechanism has been confirmed as a fundamental mode
for the mass origin of its gauge bosons and fermions [6]. However, despite its brilliant success,
the SM cannot address many issues in particle physics. The mystery of (tiny) neutrino masses is
one of them. Another still unsolved enigma related to dark matter and dark energy, their nature,
compositions and interactions. Also the legitimate question on existence of other nonstandard
scalars which may contribute to electroweak symmetry breaking (EWSB) is not answered yet, not
to mention the naturalness problem. These major open problems indicate an urgent need for a new
physics beyond the SM (BSM). Many attractive theories aiming to solve some of these issues have
been proposed. Among them, a group of models assume the existence of additional fundamental
triplet scalars which, through mixing with the SM Higgs boson, foresee a richer spectrum and
imprints of BSM phenomena [7–10]. Generally, models with complex triplet scalars can serve
to explain neutrino oscillations while those with real triplet scalar mainly address Dark Matter
problem [11–14, 16–22]. Recently we have studied several triplet extended models including type
II seesaw model [23], Higgs triplet model with null hypercharge [24], a type II seesaw two Higgs
doublet model, consisting of 2HDM model with a complex triplet scalar [25].
In this context, we consider in this work another simple framework for new physics models
with extended scalar sector: the Two Higgs Doublet Model augmented with a real triplet scalar,
dubbed 2HDM+ T . As in previous papers, we perform a detailed study of its Higgs potential
and derive the main features of the model, namely the full set of theoretical constraints inherent to
2HDM+ T . These include perturbative unitarity and boundedness from below (BFB), in addition
to naturalness from which we determine the modified Veltman conditions. Then, to delineate the
model parameter space, collider constraints originating from Higgs signals measurements are also
incorporated. Both HiggsBounds-5.3.2beta [26,27] and HiggSignals-2.2.3beta [28] public codes are
used to test our theoretical predictions in the 2HDM+ T Higgs sector against exclusion experi-
mental limits from direct Higgs searches at LEP, Tevatron and LHC. Phenomenological analysis
of the Higgs decays is then performed with the aim to highlight how the Higgs masses spectrum
evolve when a specific condition is incorporated. A particular attention is given to the crucial role
played by naturalness and its impact on the heavy scalars masses.
The rest of the paper is organized as follows. In Sec. II, we will perform a comprehensive
study of the main features of(2HDM+ T ) model and present the full set of theoretical constraints
on the parameters of its Higgs potential, including modified Veltman conditions resulting from
naturalness problem. Section III will be devoted to delineate (2HDM+ T ) parameter space. The
analysis subsequently performed will take into account full set of theoretical constraints as well as
the measured signal rates from ATLAS and CMS Run I and Run II are also included in the analysis
by means of HiggsBounds and HiggsSignals codes. Our results are then presented with emphasis on
bounds on the range of variation of heavy scalars masses. Our conclusion will be drawn in section
IV. Technical details are collected in appendices.
2
2 (2HDM + T ) MODEL: General considerations
In this section, we present a general overview of (2HDM+ T ) model. First we discuss the salient
features of its scalar potential, then we derive the Higgs spectrum and the theoretical constraints
that the model must respect. The couplings of Higgs bosons to fermions are also outlined as well
as the parameterization adopted in the subsequent parts of the paper.
2.1 The Higgs Potential
The 2HDM+ T model contains two Higgs doublets Hi (i = 1,2) in addition with one scalar field
∆ transforming as a triplet under the SU(2)L gauge group with hypercharge Y∆ = 0. The most
general gauge-invariant Lagrangian of the scalar sector is given by [6, 29,30],
L = ∑2i=1(DµHi)†(DµHi) + Tr(Dµ∆)†(Dµ∆)
−V (Hi,∆) + LYukawa
(1)
where the scalar potential V (Hi,∆) can be written as:
V (Hi,∆) = m
2
1H
†
1H1 +m
2
2H
†
2H2 −m212H†2H1 +
λ1
2
(H†1H1)
2 +
λ2
2
(H†2H2)
2 + λ3H
†
1H1H
†
2H2
+ λ4H
†
1H2H
†
2H1 +
λ5
2
[
(H†1H2)
2 + (H†2H1)
2
]
+ λ6H
†
1H1Tr∆
†∆ + λ7H
†
2H2Tr∆
†∆
+ µ1H
†
1∆H1 + µ2H
†
2∆H2 + µ3[H
†
1∆H2 + hc] + λ8H
†
1∆∆
†H1
+ λ9H
†
2∆∆
†H2 +m2∆ Tr(∆
†∆) + λ¯8(Tr∆†∆)2 + λ¯9Tr(∆†∆)2
(2)
Here Tr denotes the trace over 2x2 matrices. The covariant derivatives of the associated fields
read as,
DµHi = ∂µHi + igT
aW aµHi + i
g′
2
BµHi (3)
Dµ∆ = ∂µ∆ + ig[T
aW aµ ,∆] (4)
where Bµ and W
a
µ , stand for the SM gauge bosons, g
′ and g are coupling constants of the U(1)Y and
SU(2)L gauge symmetry respectively. The matrices T
a are defined in terms of the Pauli matrices,
T a ≡ σa/2, with (a = 1, 2, 3).
Minimization of the potential Eq. 2 yields the following necessary conditions,
m21 =
−v1
(
vt (2λavt − 2µ1) + 2λ1v21 + 2 (λ3 + λ4 + λ5) v22
)
+ 4m212v2 + 2µ3v2vt
4v1
m22 =
−v2
(
vt (2λbvt − 2µ2) + 2 (λ3 + λ4 + λ5) v21 + 2λ2v22
)
+ 4m212v1 + 2µ3v1vt
4v2
m2∆ =
v21 (µ1 − 2λavt) + v22 (µ2 − 2λbvt)− 4λcv3t + 2µ3v1v2
4vt
(5)
where we used the notation: λa = λ6 +
λ8
2 , λb = λ7 +
λ9
2 , λc = λ¯8 +
λ¯9
2 , and λ345 = λ3 + λ4 + λ5.
3
After the electroweak symmetry breaking (EWSB), the triplet field ∆ and Higgs doublets Hi
can be represented as,
∆ =
(
(vt + ρ
0)/2 δ+/
√
2
δ−/
√
2 −(vt + ρ0)/2
)
(6)
H1 =
(
φ+1
(v1 + ρ1 + iη1)/
√
2
)
, H2 =
(
φ+2
(v2 + ρ2 + iη2)/
√
2
)
(7)
Three of nine Higgs degrees of freedom corresponding to the Goldstone bosons are absorbed by
the longitudinal components of vector gauge bosons, while the six remaining ones are manifested
in the physical Higgs spectrum as: three CP-even scalars h1, h2, h3 ordered according to mh1 <
mh2 < mh3 , one CP-odd A and two charged Higgs pair H
±
1 , H
±
2 with mH±1
< mH±2
.
2.2 Higgs masses and mixing angles
The 12× 12 squared mass matrix,
M2ij =
1
2
∂2V
∂ϕi∂ϕj
|Hi=〈Hi〉,∆=〈∆〉 (8)
can be recast, using Eq. 5, into a block of diagonal form composed of two 3× 3 matrices, denoted
M2± ,M2CPeven , and one 2× 2 matrix representing M2CPodd .
2.2.1 Masses of the charged fields
The mass matrix for the charged field is written by,
M2± =
m2G+G− m2G+H− m2G+δ−m2G+H+ m2H+H− m2H+δ−
m2δ+G− m
2
δ+H− m
2
δ+δ−
 (9)
where its elements read as,
m2G+G− =
tβ
(
2m212 + µ3vt
)− λ45v2ds2β + 2µ1vt
2
(10)
m2H+H− =
−λ45v2dc2β + ctβ
(
2m212 + µ3vt
)
+ 2µ2vt
2
(11)
m2δ+δ− =
v2d
(
µ3s2β + µ1c
2
β + µ2s
2
β
)
4vt
(12)
m2G+H− =
λ45v
2
dcβsβ − 2m212 + µ3vt
2
(13)
m2G+δ− =
vd (µ1cβ + µ3sβ)
2
, m2H+δ− =
vd (µ3cβ + µ2sβ)
2
(14)
4
with vd =
√
v21 + v
2
2 GeV, cβ = cosβ = v1/vd, sβ = sinβ = v2/vd, tβ = tanβ = v2/v1 and
ctβ = 1/ tanβ = v1/v2. We show that M2ij can be diagonalized by the 3x3 rotation matrix C:
C =
 cθ±1 cθ±2 sθ±1 cθ±2 sθ±2−(cθ±1 sθ±2 sθ±3 + sθ±1 cθ±3 ) cθ±1 cθ±3 − sθ±1 sθ±2 sθ±3 cθ±2 sθ±3
−cθ±1 sθ±2 cθ±3 + sθ±1 sθ±3 −(cθ±1 sθ±3 + sθ±1 sθ±2 cθ±3 ) cθ±2 cθ±3
 (15)
where θ±i (i=1,2,3) are the rotation angles,
cos θ±1 =
v1
vd
, sin θ±1 =
v2
vd
(16)
cos θ±2 = −
vd√
4v2t + v
2
d
, sin θ±2 =
2vt√
4v2t + v
2
d
(17)
with v =
√
v21 + v
2
2 + 4v
2
t = 246 GeV. The θ
±
3 mixing angle is used as input
1.
The physical charged Higgs states could be regarded as combination of φ±1 , φ
±
2 and δ
± with mixing
parameterized as, G±0H±1
H±2
 = C
φ±1φ±2
δ±
 (18)
and mass eigenvalues given by,
m2
H±
1(2)
=
±
√
v2d
(
4s2βv2vt (ABvdcβ +ACvdsβ − 2BCvt) +
(−2Avdvt + v2dX cβsβ + 4Yv2t )2)
4cβsβvtv
2
d
+
−2Av2dvt + v3dX cβsβ + 4vdYv2t
4cβsβvtv
2
d
(19)
with X = Bcβ + Csβ, Y = Bsβ + Ccβ, A = m2G+H− , B = m2G+δ− , C = m2H+δ− , c2β = cos 2β and
s2β = sin 2β
2.2.2 Masses of the neutral fields:
The squared mass matrix for the neutral scalar field reads as,
M2odd =
 v2(2m212+µ3vt−2λ5v1v2)2v1 −m212 − µ3vt2 + λ5v1v2
−m212 − µ3vt2 + λ5v1v2
v1(2m212+µ3vt−2λ5v1v2)
2v2
 (20)
M2even =

v2(2m212+µ3vt)
2v1
+ λ1v
2
1 −m212 − µ3vt2 + λ345v1v2 v1
(
λavt − µ12
)− µ3v22
−m212 − µ3vt2 + (λ345) v1v2
v1(2m212+µ3vt)
2v2
+ λ2v
2
2 v2
(
λbvt − µ22
)− µ3v12
v1
(
λavt − µ12
)− µ3v22 v2 (λbvt − µ22 )− µ3v12 8λcv3t+µ1v21+µ2v22+2µ3v1v24vt
 (21)
1The large analytical formula of θ±3 is deferred to Appendix A.
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We diagonalize CPeven mass matrix using the formula,
EM2CPevenET = diag(m2h1 ,m2h2 ,m2h3) (22)
where E stands for an orthogonal matrix given by,
E =
 cα1cα2 sα1cα2 sα2−(cα1sα2sα3 + sα1cα3) cα1cα3 − sα1sα2sα3 cα2sα3
−cα1sα2cα3 + sα1sα3 −(cα1sα3 + sα1sα2cα3) cα2cα3
 (23)
The mixing angles α1, α2 and α3 vary in the range,
−pi
2
≤ α1,2,3 ≤ pi
2
. (24)
which means that sinα1,2,3 can be either positive or negative, while the three mass eigenstates
being ordered as:
m2h1 < m
2
h2 < m
2
h3 . (25)
On the other hand, diagonalization of the 2x2 CPodd mass matrix proceeds via the following
matrix O,
O =
(
cosβ − sinβ
sinβ cosβ
)
(26)
Among the two eigenvalues of M2odd , one is zero, corresponding to the Goldstone boson G
0, while
the other one,
m2A0 =
v2d
(
2m212 + µ3vt − 2λ5v1v2
)
2v1v2
(27)
refers to the mass of pseudo-scalar physical state A0.
At this stage, note that from 18 potential parameters, only 14 degrees of freedom are left, thanks
to the minimization conditions Eq. 5 and to the V EV s formula: v =
√
v21 + v
2
2 + 4v
2
t = 246 GeV.
Since many choices are possible for what to use as input parameters, we opt in this paper for
the following hybrid parameterization:
P ={mh1 , mh2 , mh3 , mH±1 , mH±2 , mA0 , α1 α2, α3, θ
±
3 , tanβ, λ4, µ1, vt} (28)
It is also worth to stress that one can readily trade the set of Lagrangian parameters in terms of
the physical Higgs masses and mixing angles as demonstrated in appendix A.
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2.3 Yukawa Texture
The Yukawa Lagrangian in our model includes all the Yukawa sector of the 2HDM :
LYukawa = YdQLΦ1dR + YuQLΦ˜2uR + YeLLΦ1eR + h.c., (29)
and describes the interactions between Higgs bosons and quarks, charged leptons. QL and LL are
the left-handed quark and lepton doublets, dR, uR and eR are the right-handed up-type quark,
down-type quark and lepton singlets, respectively. Yu, Yd and Ye stand for the corresponding
Yukawa coupling matrices (with Φ˜2 = iσ2Φ
∗
2).
It is known that an extended Higgs sector naturally induces Flavor-Changing Neutral Currents
(FCNC) that have to be suppressed [31]. This can be safely achieved via a Z2 discrete symmetry
that model the Yukawa interactions. In this case, the 2HDM parameters λ6 = λ7 = 0 and µ
2
12 = 0.
Throughout this paper, we choose the type-II Yukawa interactions where down-type quark and
charged leptons couple to Φ1 while up-type quark couples to Φ2. We also assume a softly broken
Z2 symmetry by taking a non vanishing µ212, while the remaining parameters are real.
In this case, the quark part of Eq. 29 becomes,
L2HDMT−IIY = −
g
2mW cosβ
[
q¯DmD (E11h1 + E21h2 + E31h3) qD − i sinβq¯DmDγ5qDA0
]
− g
2mW sinβ
[
q¯UmU (E12h1 + E22h2 + E32h3) qU − i cosβq¯UmUγ5qDA0
]
+ g
Vud√
2mW
(
H+1 q¯U
[ C22
sinβ
mU
(1− γ5)
2
− C21
cosβ
mD
(1 + γ5)
2
]
qD + h.c
)
+ g
Vud√
2mW
(
H+2 q¯U
[ C32
sinβ
mU
(1− γ5)
2
− C31
cosβ
mD
(1 + γ5)
2
]
qD + h.c
)
, (30)
where the elements Cij appearing in the charged Higgs Yukawa couplings are given in Eq. 15.
On the other hand, the Higgs couplings Hi to the gauge bosons V = W,Z can be readily identified
by expanding the covariant derivative Dµ, and performing the usual transformations on the gauge
and scalar fields to generate the physical fields. A full list of these couplings as well as those of two
Higgs to a vector boson, and trilinear couplings among neutral, charged scalars and gauge bosons
are also presented in appendix D.
3 THEORETICAL CONSTRAINTS
The 2HDM+ T Higgs potential parameters are not free but controlled by the theoretical and
experimental constraints which delineate the parameter space of the model. Hence, no need to stress
that all subsequent phenomenological analysis is performed within the parameter space scanned by
potential parameters of 2HDM+ T obeying the all theoretical constraints, namely: perturbative
unitarity, boundedness form below (BFB), and naturalness. In other words, only scan points that
pass all these constraints are relevant.
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3.1 Perturbative Unitarity
As usual, our model has also to be confronted with unitarity constraints which require that the
amplitudes M of any 2 → 2 scalars scattering has to obey perturbative unitarity. The associated
matrix M is then constructed by means of all possible combination of two scalar fields both in
initial as well final states. At tree level, being reals, these amplitudes lead to a condition on partial
wave amplitude a0, namely |a0| < 1 or |Re(a0)| < 0.5. These can be translated, at high energies,
into bounds on the eigenvalues of the scattering matrix M : λi < 8pi [32, 33].
In 2HDM+ T model, the matrix can be decomposed into several channels: three 0−charge chan-
nels, one 1−charge channel and one 2−charge channel. Hereafter, we present the explicit formulas
for all obtained eigenvalues:
|λ3 + λ4| ≤ kpi |λ3 + 2λ4 ± 3λ5| ≤ kpi (31)
|λ3 ± λ5| ≤ kpi , |λa| ≤ kpi , |λb| ≤ kpi (32)
|1
2
(
λ1 + λ2 ±
√
λ21 − 2λ2λ1 + λ22 + 4λ24
)
| ≤ kpi (33)
|1
2
(
λ1 + λ2 ±
√
λ21 − 2λ2λ1 + λ22 + 4λ25
)
| ≤ kpi (34)
|2λc| ≤ kpi ; |2λb| ≤ kpi (35)
In addition, we have derived three other eigenvalues by solving the cubic polynomial equation,
x3 − x2 (10λc + 6λ1 + 6λ2) + x
(−12λ2a − 12λ2b + 60λ1λc + 60λ2λc − 16λ23 − 16λ4λ3 − 4λ24 + 36λ1λ2)
+
(−96λ3λaλb − 48λ4λaλb + 72λ2λ2a + 72λ1λ2b + 160λ23λc + 40λ24λc − 360λ1λ2λc + 160λ3λ4λc) = 0
(36)
Full technical details of this derivation are given in appendix B.
3.2 Boundedness From Below (BFB):
Here, we derive the relations among potential parameters that need to be respected in order to
guarantee the vacuum stability. This means the potential is bounded from below at the weak scale,
and is never negative along any direction of the field space. Obviously, for large field values, the
scalar potential Eq. (2) is generally dominated by quartic terms, dubbed V (4)(H1, H2,∆):
V (4)(H1, H2,∆) =
λ1
2 (H
†
1H1)
2 + λ22 (H
†
2H2)
2 + λ3H
†
1H1H
†
2H2 + λ4H
†
1H2H
†
2H1
+ λ52
[
(H†1H2)
2 + (H†2H1)
2
]
+ λ6H
†
1H1Tr∆
†∆ + λ7H
†
2H2Tr∆
†∆
+ λ8H
†
1∆∆
†H1 + λ9H
†
2∆∆
†H2 + λ¯8(Tr∆†∆)2 + λ¯9Tr(∆†∆)2
Hence, the application of positivity criteria to V (4)(H1, H2,∆) for all directions would conduce
to the full set of necessary and sufficient BFB conditions. To this end, we follow the efficient
prescription used in our previous work [25] and implement the convenient parameterization, where
the Higgs fields of the 2HDM+ T are defined as:
8
r ≡
√
H†1H1 +H
†
2H2 + Tr∆
†∆ (37)
H†1H1 ≡ r2 cos2 θ sin2 φ (38)
H†2H2 ≡ r2 sin2 θ sin2 φ (39)
Tr∆†∆ ≡ r2 cos2 φ (40)
Tr(∆†∆)2/(Tr∆†∆)2 ≡  (41)
(H†1∆∆
†H1)/(H
†
1H1Tr∆
†∆) ≡ η (42)
(H†2∆∆
†H2)/(H
†
2H2Tr∆
†∆) ≡ ζ (43)
First, we show that the ζ, η ξ and  parameters are all equal to 12 :
ζ =  = η =
1
2
. (44)
Then, after straightforward calculations, we obtain the BFB constraints,
λ1 > 0, λ2 > 0, λa > 0, λb > 0 and λc > 0 (45)
λ3 +
√
λ1λ2 > 0, λ3 + λ4 − |λ5|+
√
λ1λ2 > 0 (46)
λa > −
√
2λ1λc, λb > −
√
2λ2λc (47)
4 (λ3 + λ4 − |λ5|)λc − 2λaλb >
−2
√
(2λ1λc − λ2a)
(
2λ2λc − λ2b
) (48)
4λ3λc − 2λaλb > −2
√
(2λ1λc − λ2a)
(
2λ2λc − λ2b
)
(49)
We defer the details of this derivation to Appendix C.
3.3 The modified Veltman Conditions
Here, our aim is to show how to tackle hierarchy problem in 2HDM+ T by control the quadratic
divergencies (QD) in tadpoles. More precisely we show how the new degrees of freedom in this
model conspire with the 2HDM ones to modify the Veltman conditions in order to soften the
divergencies [34–36].
There are many possible prescriptions to derive the modified Veltman conditions (VC). The safest
one is to employ the dimensional regularization to collect QD [34], since this technique secures the
gauge and Lorentz invariance. To do that, we appeal to the procedure of calculations performed in
our previous papers [23,24].
It is worth to note that the main difference with [23] resides in the absence doubly charged Higgs
boson (H±±) from 2HDM+ T spectrum, is compensated by an additional neutral CPeven Higgs
h3. We should also stress that our calculations of the quadratic divergencies have been performed
in a general linear Rζ gauge for the CP-neutral Higgs h1, h2 and h3 tadpoles. Since the vacuum
is CP-even as usually assumed, then the tadpole associated with the neutral pseudoscalar field
9
A0 vanishes. The obtained results are dependent of the mixing angles, but clearly free from ζ
parameter as it should be. Hence, for the h1 Higgs boson, we get:
Th1 =
1
2
10∑
i=1
ch1i t
h1
i −
∑
fermion−Down c
h1
13t
h1
13 −
∑
fermion−Up c
h1
14t
h1
14 −
12∑
i=11
ch1i t
h1
i (50)
where the couplings ch1i , symmetry factors s
h1
i , and the propagator loops t
h1
i are given in the
appendix D. For the other CP-even Higgs bosons h2 and h3, similar formula are found when one
substitutes ch1i , t
h1
i with c
h2
i , t
h2
i (c
h3
i , t
h3
i ) for h2 (h3). All these coefficients are exhibited in the
appendix D.
Following [23, 24], we combine these equations to reproduce the tadpoles quadratic divergencies
of the real neutral components of Higgs bosons (h1, h2) and triplet scalar (h3). One then get two
remarkable formulas for the doublet Higgs:
Td1 = E11Th1 + E21Th2 + E31Th3 (51)
Td2 = E12Th1 + E22Th2 + E32Th3 (52)
and for the triplet:
Tt = E13Th1 + E23Th2 + E33Th3 (53)
where the Eij are the elements of rotation matrix E . After their V EV shifts, and use of Mathe-
matica program, we get a noly compact forms of Eqs. 51, 52 and 53,
Td1 =
1
2
(v1 (3λa + 6λ1 + 4λ3 + 2λ4) +
(
2c2w + 1
)
emwv1
c2wswv
− em
2
DTr(In)v
mwswv1
)
(54)
Td2 =
3v2λb
2
+
(
2c2w + 1
)
emwv2
2c2wswv
− em
2
UTr(In)v
2mwswv2
+ (3λ2 + 2λ3 + λ4) v2 (55)
Tt = vt
(
2λa + 2λb + 5λc +
4emw
swv
)
(56)
where we used the convenient notations: cW (sW ) = cosθweinberg(sinθweinberg), sβ(cβ) = sinβ(cosβ).
Here Tr(In) is the trace of n-dimensional identity Dirac matrix, Tr(In) = 2
n
2 = 22 in the subsequent
calculations.
At this stage, several remarks are in order: The above formulas are free from mixing angles which
means that they originate from the scalar fields prior to the breaking phase. Also notice that the
2 the space-time dimension d to pick up the quadratic divergencies depends on the number of loops L via
the formula d = 4− 2L [44]
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potential parameter λ1 is lacking in Td2 (λ2 in Td1) and Tt is obvious since λ1 (λ2) couples solely
the H1 (H2) field respectively. Also, being only concerned with the triplet scalar, the couplings λc
occurs solely in Tt. Similarly, the λa is sot seen in Td2 since it is rather connected with H1 potential
terms.
Lastly, note that the Veltman conditions of the Higgs Triplet Model with Y = 0 reported in [24]
can be readily recovered when the couplings λ2, λ3, λ4, λb are canceled, and v1 traded for vd in
Eqs. (54, 55, 56). Similarly, we can also see that modified Veltman conditions in two Higgs doublet
model [37–43] are reproduced if the couplings fingerprinting scalar triplet in the Lagragian, namely
λa, λb and λc, are removed in Eqs. (54, 55, 56).
In order to implement the three VC’s in the parameter space and the subsequent scans, we
generally assume that the deviations δTt, δTd1 and δTd2 should not exceed the Higgs mass scale.
In our analysis, we adopt deviations with a magnitude up to 10 GeV.
4 EXPERIMENTAL CONSTRAINTS:
4.1 Electroweak ρ parameter:
First, recall that though the ρ parameter in 2HDM+ T deviates from the unity, consistency with
electroweak precision measurements of ρ = 1.00039± 0.0019 [45] can be assured. Indeed, from tree
level calculation of calculate at tree level,
ρ =
v21 + v
2
2 + 4v
2
t
v21 + v
2
2
= 1 + 4
v2t
v2d
(57)
its deviation must then satisfy the limit, δρ = (2vtvd )
2 ≤ 0.0006, setting an upper bound on the
triplet V EV , vt < 3 GeV, when 2σ errors are assumed.
4.2 Constraints from Higgs data
Limits on heavy Higgs masses have been reported by LEP and LHC. From the LEP direct search
results, the lower bounds on neutral scalar masses, mA0,H0 > 80 − 90 GeV for models with more
than one doublet, while the charged Higgs mH± below the Z boson mass has been excluded [46].
The LEP II indirect limit is even higher with mH± ≥ 125 GeV. Many other constraints on mH±
have been established from measurements of the inclusive weak radiative B-meson decay branching
ratio. Recently, a lower bound on the mass of H± from B → Xsγ data has been set to around
480 GeV In [47]. An even higher limit, mH± ≥ 570 GeV, has been reported in [48]. Furthermore,
ATLAS [49] and CMS [50] collaborations have searched for the production of charged Higgs boson
using several different final states. Thus, exclusion limits were released either for H± lighter or
heavier than the top mass. Some of these limits were recently re-interpreted in the context of
BSM models with non minimal scalar sectors. As example, ATLAS data for search of H± pro-
duced via V BF and decaying into W±Z, excluded the charged Higgs with a mass in the range
240 ≤ mH± ≤ 700 GeV within the Georgi-Machacek Model [51].
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In order to confront ATLAS and CMS measurements to 2HDM+ T model, the signal strengths,
a directly observable quantity, is generally employed. In our calculation, we rather use the ratio
adopted in [52] for the Higgs decay to diphoton, generically given by:
Rγγ(h1) =
Γ(h1 → gg)× BR(h1 → γγ)
Γ(SM)(h1 → gg)× BR(SM)(h1 → γγ
(58)
It is worth to notice that two approximations have been used when identifying this ratio, namely:
1) The ratio Rγγconcerns only the leading parton level gluon fusion Higgs production contribution.
2) The narrow width approximation is assumed.
The ratios relevant for the other decay channels Zγ, bb¯, τ+τ−, W+W− and ZZ are defined in
a similar way. For the constraints and bounds from their corresponding signal strength measure-
ments, we require agreement with the ATLAS and CMS at least at 1σ.
To conclude this subsection, it should be stressed that, throughout this paper, we have used
the public code HiggsBounds-5.3.2beta to test compatibility of the theoretical Higgs predictions
in our model against various exclusion bounds and limits from LEP, ATLAS, CMS and Tevatron
experiments. HiggsSignals-2.2.3beta is also used to implement the Higgs rate measurements at the
LHC (and the Tevatron).
5 ANALYSIS AND RESULTS
5.1 Allowed Parameter Space
In this section, we generate points in parameter space that pass all theoretical constraints previ-
ously derived. A particular emphasis is placed on the effects of three Veltman conditions mVC’s.
As already explained, since generally the deviations δTd1 , δTd2 and δTt must not exceed the Higgs
mass scale, we assume in the subsequent analysis:
|δTd1 | ≤ 10 GeV (59)
|δTd2 | ≤ 10 GeV (60)
|δTt| ≤ 10 GeV (61)
We also require that all these points comply with LEP and LHC signal strengths µf for all final
states γγ, γZ, τ+τ−, W+W−, ZZ, and bb¯.
The following inputs are used in the numerical analysis,
mh1 = 125.09 GeV, mh1 ≤ mh2 ≤ mh3 ≤ 1000 GeV,
80 GeV ≤ mH±1 ≤ mH±2 ≤ 1000 GeV, 80 GeV ≤ mA0 ≤ 1000 GeV,
−pi
2 ≤ α1,2,3 ≤ pi2
0.5 ≤ tanβ ≤ 25, −102 ≤ µ1 ≤ 102, 0 ≤ vt ≤ 1 GeV, −pi2 ≤ θ±3 ≤ pi2 , λ4 ∈ [−16, 16]
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Figure 1: The allowed regions in (λa, λc) (Top) and (λb, λc) (Bottom) after imposing theo-
retical and experimental constraints. (cyan): Excluded by Unitarity constraints; (red): Uni-
tarity + BFB constraints; (green): Excluded by Unitarity+BFB+LHC constraints; (blue):
Excluded by Unitarity + BFB + LHC & Td1 = 0 ∧ Td2 = 0 ∧ Tt = 0 constraints. Only the
yellow areas obey all constraints. Here, the errors for χ2 fit are 95.5% C.L.
We must stress that the b→ sγ stringent restrictions on the charged Higgs mass bound mH± >
570 GeV is relaxed in our analysis. Indeed, the extra scalars in a BSM model can absolutely
contribute inducing a significant alteration of these limits, since the re-interpretation of these flavor
measurements are generally model dependent.
Fig. 1 displays the excluded regions in (λa , λc) and (λb , λc) by various theoretical constraints
and LHC measurements. The variation of Veltman conditions are fixed to δT = 10 in the left
panel, and δT = 5 in the right panel. We clearly see that the allowed regions undergo drastic
reduction as we add constraints. Once naturalness is invoked, the parameter spaces are sizably
shrinked to limited areas, indicated in yellow, with extent depending on δT value. As results, the
allowed ranges for these potential parameters are:
λa ∈ [0 , 2.1], λb ∈ [2.83 , 4.85] and λc ∈ [0 , 4.64]
In Fig. 2, the left panel presents the points in (µ2, µ3) plane that pass both theoretical and
experimental constraints. We show the excluded regions of parameter space by unitarity in cyan,
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and by the combined sets of BFB and unitarity in red. When consistency with combined data from
LEP, ATLAS and CMS is imposed as well the blue area is also ruled out. At last, if naturalness
induced conditions take place, the allowed parameter space is reduced even more and only a small
strip marked in yellow survives. More precisely, we see that µ2 and µ3 parameters are more sensitive
to the naturalness conditions, mainly to Tt, than the other theoretical constraint. As a result, µ2 and
µ3 could be either positive or negative varying within the range [−1 , 2]×10−4 and [−2.5 , 1.1]×10−3
respectively. The middle panel illustrates the scatter plot in tanβ and sgn(Ch1V )× sin(α1−pi/2) for
∆ξ2 ≤ 5.99 and 2.3 respectively. Without naturalness consideration, the corresponding generated
samples are illustrated in red at 1σ and in blue at 2σ while the yellow points signal inclusion of
Veltman conditions at 1σ. This plot shows that only β ≥ 13 and sinα1 delineated by the interval
[−1.57 ;−1.51]U [1.51 ; 1.57] comply with all constraints. At this stage, note that the left branch
with sinα1 < 0, lies close to sin(β−α1) = 1 corresponding to the SM-alignment limit, that is where
the couplings of CP even scalars to gauge bosons are assumed to mimic the SM Higgs coupling. The
right branch corresponding to sinα1 > 0 representing the so-called wrong sign Yukamya coupling
limit. At last, from the right panel of Fig. 2 showing vt as a function of δTt, we find that bounds on
vt parameter become stronger and points with vt ≥ 0.82 GeV do not pass δTt Veltman condition.
Table 1 compiles the allowed ranges of all potential parameters.
Figure 2: The allowed regions after imposing theoretical and experimental constraints in:
(µ2, µ3) plane (left ); (sgn(C
h1
V ) sin(α1−pi/2), tan β) for δT = 10, with and without Veltman
conditions (middle); (vt, δTt) plane, with Veltman conditions (right). The color caption in
left panel is similar to Fig. 1. The errors for χ2 fit in center panel are 95.5% C.L. (blue),
and 68% C.L. (red and yellow).
5.2 Implications on Heavy Higgs masses
In this subsection, the light CP-even Higgs boson h1 being identified to the SM-like Higgs with
the mass of 125 GeV, we explore to what extent the nonstandard Higgs spectrum of 2HDM+ T ,
namely h2, h3, A0, H
±
1 and H
±
2 could be probed via theoretical constraints. A particular emphasis
is put on naturalness to show how it has impacted their masses. In addition, the corresponding
parameter spaces have to comply with LEP and LHC measurements for all Higgs decay channels,
though in the subsequent analysis, we only show results with the diphoton mode and its correlation
with Zγ mode.
That being said, it is also worth to remind that the decay h1 → γγ, Zγ are loop processes
mediated at one loop level by virtual exchange of SM particles (fermions and gauge bosons) and
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Figure 3: Allowed Higgs mass ranges in the planes mφi vs mφj for sinα1 > 0 (φi = hi, A
and φj = H
±
j ). All theoretical and experimental constraints are taken into account with
colors caption similar to Fig. 1. The yellow region indicates surviving regions to Veltman
conditions for δT = 10 GeV. The error for χ2 fit is 95.5% C.L.
new charged Higgs states (H±1 and H
±
2 ) predicted by 2HDM+ T . All tree level Higgs couplings
to fermions and bosons in this model depend essentially on the mixing angles αi, θ
±
i and βi. Thus,
the interference between charged scalar loop contributions and those of the W± and f = (t, b, c, τ)
loops depends on the sign of gh1H±i H
±
j
couplings, which could result either in an enhancement or
suppression of the h1 → γγ, Zγ decay modes with respect to SM predictions.
Hereafter, we analyze the two scenarios corresponding to sinα1 > 0 and to sinα1 < 0. Fig. 3
illustrates the allowed masses ranges plotted in the planes mφi vs mφj (φi = hi, A, φj = H
±
j )
resulting from scans over different values of potential parameters when sinα1 > 0. The yellow
samples indicate surviving regions to Veltman conditions with δT = 10 GeV and ∆χ2 ≤ 5.99.
We can readily see that the Higgs masses are bounded and most of the yellow points lie in ranges
of mh2 , mh3 , mA0 , mH±1
and mH±2
between 151 GeV and 979 GeV. The obtained results in this
scenario are summarized in Table 2
In Fig. 4 we perform a similar analysis for the scenario where sinα1 < 0. Again, all plotted points
passed the constraints mentioned above at 2σ. As already noted, the area marked in yellow encodes
the cancellation of quadratic divergencies. We see that most of the nonstandard Higgs masses are
relatively light and strongly constrained by naturalness. Here, the excluded Higgs mass regions are
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Figure 4: Same as Fig. 3 for sinα1 < 0.
significantly extended with lower bounds above 150 GeV and upper bound not exceeding 290 GeV,
as can be read from Table 3.
Remarkably, the above effects of naturalness on the nonstandard Higgs masses can also be probed
via the Rγγ(h1) and RZγ(h1) when consistency with ATLAS [53] and CMS [54] signal strengths
measurements is imposed:
µATLASγγ = 0.99± 0.14 , µCMSγγ = 1.18+0.17−0.14 and µγZ ≤ 6.2
Indeed, the scatter plots of Figs. (5, 6) display Rγγ(h
0) ratio as a function of tanβ and either mh3
(left) or mH±2
(right) with LHC experimental data taken into account within 1σ. As benchmark
scenarios, we fix all the parameters within the allowed parameter ranges except for the nonstandard
scalar masses mA0 and mH±1
. First we consider the case when Veltman conditions are switched off
(red and blue points). For α1 > 0 (Fig. 5), we see that for tanβ less than 3, lower bounds on h3 and
H±2 initially set at 80 GeV, are raised to about 375 GeV while upper bounds are almost insensitive.
However, once tanβ get larger values, the upper bounds on mh3 and mH±2
decreased significantly
from 1000 GeV to less than 745 GeV. If, in addition, Veltman conditions are activated (grey area),
we show that only tanβ values within [17 , 25] are relevant which constrain mh3 and mH±2
to vary
within very tightened ranges [567 , 644] GeV and [570 , 648] GeV respectively. In this scenario, the
Higgs masses for A0 and H
±
1 are predicted as: 574 ≤ mA0 ≤ 650 GeV and 480 ≤ mH±1 ≤ 569
16
GeV. Similar analysis is performed for α1 < 0 as illustrated in Fig. 6. However in this case, the
upper masses behave completely the opposite of previous scenario: upper bounds dropped sharply
to 199 GeV for mh3 and 203 GeV for mH±2
whatever the value given to tanβ. Furthermore, when
Veltman conditions are considered, we notice two salient features: 1) a frozen tanβ at value around
20; and 2) a deeply affected lower mass limits which are pushed up to almost reach the upper
bounds. On the other hand, our results also show that mA0 and mH±1
are nearly degenerate about
200 GeV. To conclude, we have clearly seen the leading role played by naturalness comparatively
to the other constraints and how it deeply affects the analysis excluding substansial mass regions
of nonstandards scalars. The overall resulting ranges of 2HDM+ T spectrum are summarized in
Tables 2 and 3 .
Figure 5: Rγγ(h1) as a function of tan β and either mh3 (left) or mH±2 (right) for α1 >
0. The grey color indicates the surviving regions to Veltman conditions.. Our inputs are
λ4 = −0.028, λ5 = −0.17, λa = 1.07, λb ∈ [4.27 , 4.7], λc = 3.88, µ1 = 8.41, vt = 0.1,
α1 ∈ [0.6 , 1.57], α2 = 4.5×10−4, α3 = 1.46, θ±3 = 1.468, tan β ∈ [0.5 , 25], mh1 = 125.09GeV
and mh2 ∈ [127, 1000]GeV . The error for χ2 fit is 95.5% C.L.
Finally, we study the correlation betweenRγγ(h
0) and Rγ Z(h
0). Again Higgs mass mA0 and
mH±1
are considered as output parameters in the analysis. At first sight, from Figs. (7, 8), the
Rγ Z(h
0) deviates slightly with respect to its standard value, with a maximum below 1.7 in both
scenarios. We also see that Rγγ(h
0) and Rγ Z(h
0) are always correlated regardless of sinα1 sign.
However this correlation only happens when tanβ lies between 18 and 25 with λb fixed to 4 (3.75)
in sinα1 > 0 (sinα1 < 0) scenario.
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Figure 6: Rγγ(h1) as a function of tan β and either mh3 (left) or mH±2 (right) for α1 <
0. The grey color indicates the surviving regions to Veltman conditions. Our inputs are
λ4 = 0.0346, λ5 = 0.018, λa = 0.65, λb ∈ [3.65 , 3.77], λc = 2.61, µ1 = −8.25, vt = 0.15,
α1 ∈ [−1.57 ,−1.25], α2 = 3.2 × 10−3, α3 = −1.477, θ±3 = 0.62, tan β ∈ [0.5 , 25], mh1 =
125.09GeV and mh2 ∈ [127, 1000]GeV . The error for χ2 fit is 95.5% C.L.
Figure 7: Rγγ(h1) and RZγ(h1) correlation versus either λb (left) or tanβ (right) for α1 > 0.
The grey color indicates surviving regions to Veltman conditions. Our inputs are λ4 =
−0.028, λ5 = −0.17, λa = 1.071, λb ∈ [2 , 7], λc = 3.88, µ1 = 8.41, vt = 0.1, α1 ∈ [0.6 , 1.57],
α2 = 0.45 × 10−3, α3 = 1.461, θ±3 = 1.468, tan β ∈ [0.5 , 25], mh1 = 125.09GeV and
mh2 = 242GeV . The error for χ
2 fit is 95.5% C.L.
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Figure 8: Rγγ(h1) and RZγ(h1) correlation versus either λb (left) or tanβ (right) for α1 < 0.
The grey color indicates surviving regions to Veltman conditions. Our inputs are λ4 =
−0.034, λ5 = 0.18, λa = 0.65, λb ∈ [2 , 7], λc = 2.61, µ1 = −8.25, vt = 0.15, α1 ∈
[−1.57 ,−0.6], α2 = 0.0033, α3 = −1.477, θ±3 = 0.62, tan β ∈ [0.5 , 25], mh1 = 125.09GeV
and mh2 = 201GeV . The error for χ
2 fit is 95.5% C.L.
6 Conclusions
This work arose as a continuation of activities around Beyond Standard Models extended with a
Triplet scalar. In this paper we have performed a comprehensive study of the scalar potential of
2HDM model augmented by a real triplet scalar T (dubbed 2HDM+ T ). First, we have presented
the salient features of the Higgs sector, with the lighter CP even scalar h1 identified to the 125
observed Higgs, then derived constraints originating from perturbative unitarity, vacuum stability
and naturalness problem. We have checked that, the theoretical constraints and the Higgs spec-
trum of HTM and 2HDM are recovered when the extra couplings parameters to these models
are removed. Then by imposing theoretical constraints and incorporating limits from combined
LEP and LHC results we obtained the potential parameters ranges of variation, and the allowed
parameter space of 2HDM+ T .
The second aim of our analysis is to gain more insight on the masses of heavy Higgs bosons
and probe the effect of naturalness on their range of variations. Depending on the mixing angles,
essentially the sign of α1 we have shown how the nonstandard Higgs masses evolve and the estab-
lished bounds for both scenarios, sinα1 > 0 and sinα1 < 0. Given the theoretical constraints on
potential parameters, we have also investigated how important the contributions from new heavy
scalars to h1 → γ decay while remaining compatible with the Higgs signal measurements within
1σ. Such analysis has placed stringent limits on the masses variation and confirmed the crucial
role of naturalness constraints in controlling the parameter space and phenomenological studies
of 2HDM+ T . Lastly we have found that Higgs decay to the diphoton and to Zγ are generally
correlated in both scenarios when tanβ varies within 18 ≤ tanβ ≤ 25 and λb is almost constant
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parameters U U+BFB U+BFB+LEP+LHC All Constraints
λ1 [−8.19 , 8.31] [0 , 8.29] [0 , 8] [0 , 0.27]
λ2 [−8.15 , 8.26] [0 , 8.24] [0 , 8] [0.25 , 0.26]
λ3 [−12.13 , 15.39] [−3.7 , 14.55] [−2.5 , 12] [0.22 , 1.82]
λ4 [−15.68 , 13.46] [−14.72 , 8.] [−7.03 , 5.55] [−0.42 , 0.73]
λ5 [−8.1 , 8.24] [−7.74 , 5.97] [−7.10 , 5.88] [−0.52 , 0.57]
λa [−13.36 , 13.73] [0 , 12.38] [0 , 12.60] [0 , 2.1]
λb [−13.23 , 13.35] [0 , 13.57] [0 , 13.51] [2.83 , 4.85]
λc [−5.02 , 4.98] [0 , 5.01] [0 , 4.98] [0 , 4.64]
µ1 [−102 , 102] [−102 , 102] [−102 , 102] [−102 , 102]
µ2 × 103 [−10 , 12.2] [−8.93 , 6.3] [−7 , 6.2] [−0.1 , 0.21]
µ3 × 103 [−3.6 , 3.4] [−3.84 , 2.88] [−3.2 , 2.7] [−2.5 , 1.1]
m212 × 104 [−8.1 , 43.9] [−15 , 38] [−10.1 , 37.3] [0.104 , 4.6]
α1 [−pi2 , pi2 ] [−pi2 , pi2 ] [−1.57 ,−1.25]]U [0.42 , 1.57] [−1.57 ,−1.51]U [1.51 , 1.57]
α2 [−pi2 , pi2 ] [−pi2 , pi2 ] [−0.43 , 0.52] [−0.009 , 0.005]
α3 [−pi2 , pi2 ] [−pi2 , pi2 ] [−pi2 , pi2 ] [−pi2 , pi2 ]
θ± [−pi
2
, pi
2
] [−pi
2
, pi
2
] [−pi
2
, pi
2
] [−pi
2
, pi
2
]
vt (GeV) [0 , 1] [0 , 1] [0 , 1] [0 , 0.82]
tanβ [0.5 , 25] [0.5 , 25] [0.52 , 25] [13 , 25]
Table 1: Allowed ranges for the potential parameters from various constraints. The last
column includes effects due to Veltman conditions with δT = 10 GeV.
mφi U U+BFB U+BFB+LEP+LHC All Constraints
mh2 (GeV) [126 , 980] [126 , 971] [126 , 948] [151 , 928]
mh3 (GeV) [126 , 1000] [127 , 999] [127 , 999] [186 , 979]
mA0 (GeV) [80 , 999] [80 , 998] [82 , 997.9] [153 , 973]
mH±1 (GeV) [80 , 1000] [81 , 970] [81 , 944] [151 , 929]
mH±2 (GeV) [80 , 1000] [127 , 994] [127 , 995] [186 , 979]
Table 2: Allowed Higgs bosons masses from various constraints for α1 > 0 scenario. The last
column includes effects due to Veltman conditions with δT = 10 GeV
.
lying about 4 for sinα1 > 0, and 3.75 for sinα1 < 0.
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mφi U U+BFB U+BFB+LEP+LHC All Constraints
mh2 (GeV) [126 , 684] [125 , 667] [128 , 656] [159 , 252]
mh3 (GeV) [126 , 1000] [126 , 990] [137 , 976] [179 , 290]
mA0 (GeV) [80 , 950] [80 , 772] [83 , 762] [150 , 284]
mH±1 (GeV) [80 , 670] [80 , 650] [85 , 641] [169 , 246]
mH±2 (GeV) [80 , 1000] [126 , 997] [130 , 762] [179 , 285]
Table 3: Like in Table. 2 for α1 < 0 scenario
.
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Appendix
A Hybrid parameterisation
Using Eqs. (22, 27) and CM2chargeCT = diag(0,m2H±1 ,m
2
H±2
), one can easily express non physical
parameters in terms of the physical Higgs masses, mixing angle, λ4, µ1 and vt:
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λc = −
v21
(
C221m2H±1
+C231m2H±2
)
+2v2v1
(
C21C22m2
H±1
+C31C32m2
H±2
)
+v22
(
C222m2H±1
+C232m2H±2
)
−4v2t
(
E213m2h1+E
2
23m
2
h2
+E233m2h3
)
8v4t
λb =
C21C22v1m2
H±1
+C222v2m2H±1
+C32(C31v1+C32v2)m2
H±2
+2vt
(
E12E13m2h1+E22E23m
2
h2
+E32E33m2h3
)
2v2v2t
λa =
C221v1m2H±1
+C21C22v2m2
H±1
+C31(C31v1+C32v2)m2
H±2
+2vt
(
E11E13m2h1+E21E23m
2
h2
+E31E33m2h3
)
2v1v2t
m212 =
1
2
v1( 2v22m2Av2d −C231m2H2+2λ5v22+µ1vt)
v2
−
C221v1m2H±1
v2
− C21C22m2H±1 − C31C32m
2
H±2

λ3 = −m
2
A
v2d
+
2v1
(
C221m2H±1
+C231m2H±2
−µ1vt
)
+v2
(
E11E12m2h1+E21E22m
2
h2
+E31E32m2h3
)
v1v22
− λ5
µ3 =
C221v1m2H±1
+C21C22v2m2
H±1
+C31(C31v1+C32v2)m2
H±2
−v1µ1vt
v2vt
µ2 =
−C221v21m2H±1
−C231v21m2H±2
+v22
(
C222m2H1+C
2
32m
2
H±2
)
+v21µ1vt
v22vt
λ4 =
2m2A
v2d
−
2
(
C221m2H±1
+C231m2H±2
−µ1vt
)
v22
+ λ5
λ2 =
v2d
(
E212m2h1+E
2
22m
2
h2
+E232m2h3
)
−v21(m2A+λ5v2d)
v2dv
2
2
λ1 =
v2d
(
E211m2h1+E
2
21m
2
h2
+E231m2h3
)
−v22(m2A+λ5v2d)
v2dv
2
1
(A1)
The θ±3 mixing angle is given by:
cos θ±3 = −
v1vd
(
v2d(m
2
H±1
m2G+H−vv2 + 2m
2
H±2
m2G+δ−v1vt) +
√
2m2G+δ−vt
(
m2
H±1
vv22 − 4m2H±2 v1v
2
t
))
m4
G+H−v
2v4d + 2
√
2m2
G+H−m
2
G+δ−v
2v2v2dvt +m
4
G+δ−
(
2v2v22v
2
t + v
2
1
(
v4d − 4
√
2v2dv
2
t + 8v
4
t
))(A2)
sin θ±3 =
v1vd
(
−2√2m2G+δ−v2v2t (m2H±1 v1 +m
2
H±2
v) +m2
H±1
m2G+δ−v1v2v
2
d − 2m2H±2 m
2
G+H−vv
2
dvt
)
m4
G+H−v
2v4d + 2
√
2m2
G+H−m
2
G+δ−v
2v2v2dvt +m
4
G+δ−
(
2v2v22v
2
t + v
2
1
(
v4d − 4
√
2v2dv
2
t + 8v
4
t
))(A3)
B Unitarity constraints
The first submatrix M1 corresponds to scattering whose initial and final states are one of the
following: φ+1 δ
−, φ−1 δ
+, φ+2 δ
−, φ−2 δ
+, φ+1 φ
−
2 , φ
−
1 φ
+
2 , ρ1η1, ρ0η1, ρ0η2, , ρ2η1, η1η2, ρ0ρ1, ρ0ρ2, ρ1ρ2.
by Wolfram Mathematica we found:
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M1 =

λa 0 0 0 0 0 0 0 0 0 0 0 0 0
0 λa 0 0 0 0 0 0 0 0 0 0 0 0
0 0 λb 0 0 0 0 0 0 0 0 0 0 0
0 0 0 λb 0 0 0 0 0 0 0 0 0 0
0 0 0 0 λ34 2λ5 −12 iλ¯45 0 0 12 iλ¯45 λ452 0 0 λ452
0 0 0 0 2λ5 λ34
1
2 iλ¯45 0 0 −12 iλ¯45 λ452 0 0 λ452
0 0 0 0 12 iλ¯45 −12 iλ¯45 λ¯345 0 0 λ5 0 0 0 0
0 0 0 0 0 0 0 λa 0 0 0 0 0 0
0 0 0 0 0 0 0 0 λb 0 0 0 0 0
0 0 0 0 −12 iλ¯45 12 iλ¯45 λ5 0 0 λ¯345 0 0 0 0
0 0 0 0 λ452
λ45
2 0 0 0 0 λ345 0 0 λ5
0 0 0 0 0 0 0 0 0 0 0 λa 0 0
0 0 0 0 0 0 0 0 0 0 0 0 λb 0
0 0 0 0 λ452
λ45
2 0 0 0 0 λ5 0 0 λ345

(B1)
where λij = λi + λj , λ¯ij = λi − λj , λijk = λi + λj + λk and λ¯ijk = λi + λj − λk. We find that M1
has the following eigenvalues:
a1 = λ3 + λ4 (B2)
a±2 = λ3 + 2λ4 ± 3λ5 (B3)
a±3 = λ3 ± λ5 (B4)
a4 = λa (B5)
a5 = λb (B6)
The submatrix M2 corresponds to scattering processes with initial and final states within the
following set: φ−1 φ
+
1 , φ
−
2 φ
+
2 , δ
+δ+, ρ1ρ1√
2
, ρ2ρ2√
2
, ρ0ρ0√
2
, η1η1√
2
, η2η2√
2
, where the
√
2 accounts for identical
particle statistics. This submatrix reads that:
M2 =

2λ1 λ3 + λ4 λa
λ1√
2
λ3√
2
λ1√
2
λ3√
2
λa√
2
λ3 + λ4 2λ2 λb
λ3√
2
λ2√
2
λ3√
2
λ2√
2
λb√
2
λa λb 4λc
λa√
2
λb√
2
λa√
2
λb√
2
√
2λc
λ1√
2
λ3√
2
λa√
2
3λ1
2
1
2λ345
λ1
2
1
2
¯λ345
λa
2
λ3√
2
λ2√
2
λb√
2
1
2λ345
3λ2
2
1
2
¯λ345
λ2
2
λb
2
λ1√
2
λ3√
2
λa√
2
λ1
2
1
2
¯λ345
3λ1
2
1
2λ345
λa
2
λ3√
2
λ2√
2
λb√
2
1
2
¯λ345
λ2
2
1
2λ345
3λ2
2
λb
2
λa√
2
λb√
2
√
2λc
λa
2
λb
2
λa
2
λb
2 3λc

(B7)
where λ345 = λ3 + λ4 + λ5 and ¯λ345 = λ3 + λ4 − λ5. The corresponding eigenvalues are:
b±1 =
1
2
(
±
√
λ21 − 2λ2λ1 + λ22 + 4λ24 + λ1 + λ2
)
(B8)
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b±2 =
1
2
(
±
√
λ21 − 2λ2λ1 + λ22 + 4λ25 + λ1 + λ2
)
(B9)
b3 = 2λc (B10)
The three other eigenvalues, b4;5;6, are located as roots of the cubic polynomial equation given
in Eq. (36).
The third submatrix M3 encodes the scattering with initial and final states being either ρ1η1
state, or ρ2η2 state. It reads,
M3 =
(
λ1 λ5
λ5 λ2
)
(B11)
Its 2 eigenvalues read as follows:
c± = b±2 (B12)
The fourth submatrixM4 corresponds to scattering with initial and final states being one of the
following 12 states: (ρ0φ
+
1 , ρ1φ
+
1 , ρ2φ
+
1 , η1φ
+
1 , η2φ
+
1 , ρ0φ
+
2 , ρ1φ
+
2 , ρ2φ
+
2 , η1φ
+
2 , η2φ
+
2 , ρ0δ
+, ρ1δ
+,
ρ2δ
+, η1δ
+, η2δ
+). M4 is given by:
M4 =

λa 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 λ1 0 0 0 0 0
λ45
2 0 − iλ¯452 0 0 0 0 0
0 0 λ3 0 0 0
λ45
2 0
iλ¯45
2 0 0 0 0 0 0
0 0 0 λ1 0 0 0
iλ¯45
2 0
λ45
2 0 0 0 0 0
0 0 0 0 λ3 0 − iλ¯452 0 λ452 0 0 0 0 0 0
0 0 0 0 0 λb 0 0 0 0 0 0 0 0 0
0 0 λ452 0
iλ¯45
2 0 λ3 0 0 0 0 0 0 0 0
0 λ452 0 − iλ¯452 0 0 0 λ2 0 0 0 0 0 0 0
0 0 − iλ¯452 0 λ452 0 0 0 λ3 0 0 0 0 0 0
0 iλ¯452 0
λ45
2 0 0 0 0 0 λ2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 2λc 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 λa 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 λb 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 λa 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 λb

(B13)
with its eigenvalues reading as,:
f±1 = λ3 ± λ4 (B14)
f±2 = b
±
1 (B15)
f±3 = a
±
3 (B16)
f±4 = b
±
2 (B17)
24
f5 = a4 (B18)
f6 = a5 (B19)
f7 = b3 (B20)
The fifth submatrix M5 corresponds to scattering with initial and final states being one of the
following 6 sates: (
φ+1 φ
+
1√
2
,
φ+2 φ
+
2√
2
, δ
+δ+√
2
, φ+1 φ
+
2 , φ
+
1 δ
+, φ+2 δ
+). It is represented by,
M5 =

λ1 λ5 0 0 0 0
λ5 λ2 0 0 0 0
0 0 2λc 0 0 0
0 0 0 λ3 + λ4 0 0
0 0 0 0 λa 0
0 0 0 0 0 λb
 (B21)
with its six eigenvalues reading as,
e1 = a1 (B22)
e±2 = b
±
2 (B23)
e3 = a4 (B24)
e4 = a5 (B25)
e5 = b3 (B26)
C Boundedness from below Constraints
To proceed to the most general case, we adopt a different parameterization of the fields that will
turn out to be particularly convenient to entirely solve the problem. For that we combine both
parameterizations used in [14,15] and define:
r ≡
√
H†1H1 +H
†
2H2 + Tr∆
†∆ (C1)
H†1H1 ≡ r2 cos2 θ sin2 φ (C2)
H†2H2 ≡ r2 sin2 θ sin2 φ (C3)
Tr∆†∆ ≡ r2 cos2 φ (C4)
Tr(∆†∆)2/(Tr∆†∆)2 ≡  (C5)
(H†1∆∆
†H1)/(H
†
1H1Tr∆
†∆) ≡ η (C6)
(H†2∆∆
†H2)/(H
†
2H2Tr∆
†∆) ≡ ζ (C7)
Obviously, when H1, H2 and ∆ scan all the field space, the radius r scans the domain [0,∞[, the
angle θ ∈ [0, 2pi] and the angle φ ∈ [0, pi2 ]. Moreover, as
H†1 ·H2
|H1||H2| is a product of unit spinor, it
is a complex number α + iβ such that |α + iβ| ≤ 1. We can rewrite it in polar coordinates as
25
α+ iβ = ξeiψ with ξ ∈ (0, 1). We can also show that η = 12 , ζ = 12 and  = 12 .
With this parameterization, one can cast V (4)(H1, H2,∆) into the following simple form,
V (4)(r, c2θ, s
2
φ, c2ψ, ξ, , η, ζ) = r
4
{
λ1c
4
θs
4
φ + λ2s
4
θs
4
φ + λ3c
2
θs
2
θs
4
φ + λ4c
2
θs
2
θs
4
φξ
2 + λ5c
2
θs
2
θs
4
φξ
2 cos 2ψ
+c4φ(λ¯8 + λ¯9) + c
2
θc
2
φs
2
φ(λ6 + ηλ8) + s
2
θc
2
φs
2
φ(λ7 + ζλ9)
}
(C8)
By using the notation:
x ≡ cos2 θ (C9)
y ≡ sin2 φ (C10)
z ≡ cos 2ψ ∈ (−1, 1) (C11)
we can transform the potential to more a convenient form :
V (4)/r4 =
{λ1
2
x2 +
λ2
2
(1− x)2 + λ3 x(1− x) + λ4 x(1− x)ξ2 + λ5 x(1− x)ξ2 z
}
y2
+
{
λ¯8 + λ¯9
}
(1− y)2
+
{
(λ6 + ηλ8)x+ (λ7 + ζλ9) (1− x)
}
y(1− y) (C12)
One can derive the BFB condition by studying V (4)(x, y, z, ξ, , η, ζ) as a quadratic function using
the fact that :
f(y) = a y2 + b (1− y)2 + c y (1− y), y ∈ (0, 1) ⇔ a > 0, b > 0 and c+ 2
√
ab > 0
(C13)
Then the following set of constraints is readily deduced:
FI(ξ, z) ≡ λ1
2
x2 +
λ2
2
(1− x)2 + λ3 x(1− x) + λ4 x(1− x)ξ2 + λ5 x(1− x)ξ2 z > 0(C14)
FII() ≡ λ¯8 + λ¯9 > 0 (C15)
FIII(η, ζ) ≡ (λ6 + ηλ8)x+ (λ7 + ζλ9) (1− x) > −2
√
FI(ξ, z)FII() (C16)
For FI(ξ, z) > 0, using again Eq. C13, we recover the usual BFB constraints of 2HDM if ξ = 0; 1
and z = −1; 1:
λ1 , λ2 > 0 (C17)
λ3 +
√
λ1λ2 > 0 (C18)
λ3 + λ4 − |λ5|+
√
λ1λ2 > 0 (C19)
Since FII() is a monotonic function, the condition 0 < FII() is equivalent to 0 < FII(
1
2). So
Eq. C15 becomes,
λ¯8 +
1
2
λ¯9 > 0 (C20)
26
As to Eq. C16, one can re-write it as:
FIII(η, ζ) + 2
√
FI(ξ, z)FII() > 0 ⇔

FIII(η, ζ) > 0 and FI(ξ, z)FII() > 0 (i)
or
FIII(η, ζ) 6 0 and 4FI(ξ, z)FII() > F 2III(η, ζ) (ii)
(C21)
• scenario (i) : starting with the fact that x = cos2 θ > 0 and 1 − x = sin2 θ > 0, thus
FIII(η, ζ) > 0⇒ generic relations :
λ6 +
1
2
λ8 > 0 (C22)
λ7 +
1
2
λ9 > 0 (C23)
• scenario (ii) : This scenario implies that (λ6 + ηλ8) and (λ7 + ζλ9) ≤ 0, and leads to:{
2λ1(λ¯8 + λ¯9)− (λ6 + ηλ8)2
}
x2 +
{
2λ2(λ¯8 + λ¯9)− (λ7 + ζλ9)2
}
(1− x)2
+
{
4(λ3 + λ4ξ
2 + λ5ξ
2z)(λ¯8 + λ¯9)− 2(λ6 + ηλ8) (λ7 + ζλ9)
}
x (1− x) > 0
(C24)
Applying the lemma given by Eq. C13, we obtain the generic new constraints,
λ6 + ηλ8 > −
√
2λ1(λ¯8 + λ¯9) (C25)
λ7 + ζλ9 > −
√
2λ2(λ¯8 + λ¯9) (C26)
4(λ3 + λ4ξ
2 + λ5ξ
2z)(λ¯8 + λ¯9)− 2(λ6 + ηλ8) (λ7 + ζλ9) >
−2
√(
2λ1(λ¯8 + λ¯9)− (λ6 + ηλ8)2
)(
2λ2(λ¯8 + λ¯9)− (λ7 + ζλ9)2
)
(C27)
Then from Eqs. (C25, C26), we deduce:
λ6 +
1
2
λ8 > −
√
2λ1(λ¯8 +
1
2
λ¯9) (C28)
λ7 +
1
2
λ9 > −
√
2λ2(λ¯8 +
1
2
λ¯9) (C29)
Lastly, by considering ξ ∈ [0; 1] and z ∈ [−1; 1], we can see that Eq. C27 leads to the constraints:
4 (λ3 + λ4 − |λ5|)λc − 2λaλb >
−2
√
(2λ1λc − λ2a)
(
2λ2λc − λ2b
) (C30)
4λ3λc − 2λaλb > −2
√
(2λ1λc − λ2a)
(
2λ2λc − λ2b
)
(C31)
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D Scalar couplings
In this appendix, we present hereafter the triple scalar couplings needed for our study. More
precisely, we present the couplings used to calculate the tadpoles of two neutral CP -even Higgs
h1, h2 and h3. Here only three-leg couplings will be considered since we are interested in one-loop
contributions. Further, within this restricted class, we look for vertices such as h1FiFi, h2FiFi or
h3FiFi , where Fi stands for any quantum field of our model: scalar and vectorial bosons, fermions,
Goldstone fields Gi , and Faddeev-Popov ghost fields ηi.
We note Ch1FiFi , C
h2
FiFi
and Ch3FiFi , the couplings to the Higgs h1, h2 and h3. Since the field Fi fixes
the propagator, we also give the values th1i , t
h2
i and t
h3
i of the loop due to the propagator of the Fi
particle which gain a factor of 2 in the case of charged fields and the symmetry factor si:
Ch11 ≡ Ch1h1h1 =−
3
2
(
2v1E11
(E213λa + λ1E211 + λ345E212) + 2v2E12 (E213λb + λ345E211 + λ2E212)
+E13
(
2vt
(E211λa + E212λb + 2E213λc)− µ2E212 − E11 (µ1E11 + 2µ3E12))) (D1)
Ch21 ≡ Ch2h1h1 = −
1
2
(
2E23E211λavt + 4E13E21E11λavt + 2v1
(
2E11 (E13E23λa + λ345E12E22) + E21
(E213λa + λ345E212) + 3λ1E21E211)
+ 6λ2v2E212E22 + 2E23E212λbvt + 4E13E22E12λbvt + 2v2 (E13 (E13E22 + 2E12E23)λb + λ345E11 (2E12E21 + E11E22)) +
12E213E23λcvt + µ1 (−E23) E211 − 2µ1E13E21E11 − 2µ2E12E13E22 − µ2E212E23 − 2µ3 (E11E13E22 + E12 (E13E21 + E11E23))
)
(D2)
Ch31 ≡ Ch3h1h1 −
1
2
(
2E33E211λavt + 4E13E31E11λavt + 2v1
(
2E11 (E13E33λa + λ345E12E32) + E31
(E213λa + λ345E212) + 3λ1E31E211)
+ 2E33E212λbvt + 4E13E32E12λbvt + 2v2 (E13 (E13E32 + 2E12E33)λb + λ345E11 (2E12E31 + E11E32)) + 12E213E33λcvt
+6λ2v2E212E32 − µ1E33E211 − 2µ1E13E31E11 − 2µ2E12E13E32 − µ2E212E33 − 2µ3 (E11E13E32 + E12 (E13E31 + E11E33))
)
(D3)
th11 = t
h2
1 = t
h3
1 = iA0
(
m2h1
)
(D4)
Ch12 ≡ Ch1h2h2 = −i
1
2
(
2E13E221λavt + 4E11E23E21λavt + 2v1
(
2E21 (E13E23λa + λ345E12E22) + E11
(E223λa + 3λ1E221 + λ345E222))
+ 2E13E222λbvt + 4E12E23E22λbvt + 2v2 (E23 (2E13E22 + E12E23)λb + λ345E21 (E12E21 + 2E11E22)) + 12E13E223λcvt
+6λ2v2E12E222 − µ1E13E221 − 2µ1E11E23E21 − µ2E13E222 − 2µ2E12E22E23 − 2µ3 (E13E21E22 + (E12E21 + E11E22) E23)
)
(D5)
Ch22 ≡ Ch2h2h2 = −i
3
2
(
2v1E21
(E223λa + λ1E221 + λ345E222) + 2v2E22 (E223λb + λ345E221 + λ2E222)
+E23
(
2vt
(E221λa + E222λb + 2E223λc)− µ2E222 − E21 (µ1E21 + 2µ3E22)))
(D6)
Ch32 ≡ Ch3h2h2 = −i
1
2
(
2E33E221λavt + 4E23E31E21λavt + 2v1
(
2E21 (E23E33λa + λ345E22E32) + E31
(E223λa + λ345E222) + 3λ1E31E221)
+ 6λ2v2E222E32 + 2E33E222λbvt + 4E23E32E22λbvt + 2v2 (E23 (E23E32 + 2E22E33)λb + λ345E21 (2E22E31 + E21E32))
+12E223E33λcvt + µ1 (−E33) E221 − 2µ1E23E31E21 − 2µ2E22E23E32 − µ2E222E33 − 2µ3 (E21E23E32 + E22 (E23E31 + E21E33))
)
(D7)
28
th12 = t
h2
2 = t
h3
2 = iA0
(
m2h2
)
(D8)
Ch13 ≡ Ch1h3h3 = −i
1
2
(
2E13E231λavt + 4E11E33E31λavt + 2v1
(
2E31 (E13E33λa + λ345E12E32) + E11
(E233λa + 3λ1E231 + λ345E232))
+ 2E13E232λbvt + 4E12E33E32λbvt + 2v2 (E33 (2E13E32 + E12E33)λb + λ345E31 (E12E31 + 2E11E32)) + 12E13E233λcvt
+6λ2v2E12E232 − µ1E13E231 − 2µ1E11E33E31 − µ2E13E232 − 2µ2E12E32E33 − 2µ3 (E13E31E32 + (E12E31 + E11E32) E33)
)
(D9)
Ch23 ≡ Ch2h3h3 = −i
1
2
(
2E23E231λavt + 4E21E33E31λavt + 2v1
(
2E31 (E23E33λa + λ345E22E32) + E21
(E233λa + 3λ1E231 + λ345E232))
+ 6λ2v2E22E232 + 2E23E232λbvt + 4E22E33E32λbvt + 2v2 (E33 (2E23E32 + E22E33)λb + λ345E31 (E22E31 + 2E21E32))
+12E23E233λcvt + µ1 (−E23) E231 − 2µ1E21E33E31 − µ2E23E232 − 2µ2E22E32E33 − 2µ3 (E23E31E32 + (E22E31 + E21E32) E33)
)
(D10)
Ch33 ≡ Ch3h3h3 = −i
3
2
(
2v1E31
(E233λa + λ1E231 + λ345E232) + 2v2E32 (E233λb + λ345E231 + λ2E232) + E33 (2vt (E231λa + E232λb + 2E233λc)
−µ2E232 − E31 (µ1E31 + 2µ3E32)
))
(D11)
th13 = t
h2
3 = t
h3
3 = iA0
(
m2h3
)
(D12)
Ch14 ≡ Ch1G0G0 = −i
v21 (E13 (2λavt − µ1) + 2λ345v2E12) + v22 (E13 (2λbvt − µ2) + 2λ2v2E12) + 2v2v1 (λ345v2E11 − µ3E13) + 2λ1v31E11
2v2d
(D13)
Ch24 ≡ Ch2G0G0 = −
i
(
v21 (E23 (2λavt − µ1) + 2λ345v2E22) + v22 (E23 (2λbvt − µ2) + 2λ2v2E22) + 2v2v1 (λ345v2E21 − µ3E23) + 2λ1v31E21
)
2v2d
(D14)
Ch34 ≡ Ch3G0G0 = −
i
(
v21 (E33 (2λavt − µ1) + 2λ345v2E32) + v22 (E33 (2λbvt − µ2) + 2λ2v2E32) + 2v2v1 (λ345v2E31 − µ3E33) + 2λ1v31E31
)
2v2d
(D15)
th14 = t
h2
4 = t
h3
4 = iA0
(
ξZm
2
Z
)
(D16)
Ch15 ≡ Ch1A1A1 = −i
1
2
(
s2β (E13 (2λavt − µ1) + 2λ1v1E11 + 2 (λ3 + λ4 − λ5) v2E12) + c2β (E13 (2λbvt − µ2) + 2λ2v2E12)
+2 (λ3 + λ4 − λ5) v1E11 + 2cβsβ (µ3E13 − 2λ5 (v2E11 + v1E12))
)
(D17)
29
Ch25 ≡ Ch2A1A1 = −i
1
2
(
s2β (E23 (2λavt − µ1) + 2λ1v1E21 + 2 (λ3 + λ4 − λ5) v2E22) + c2β (E23 (2λbvt − µ2) + 2λ2v2E22)
+2 (λ3 + λ4 − λ5) v1E21 + 2cβsβ (µ3E23 − 2λ5 (v2E21 + v1E22))
)
(D18)
Ch35 ≡ Ch3A1A1 = −i
1
2
(
s2β (E33 (2λavt − µ1) + 2λ1v1E31 + 2 (λ3 + λ4 − λ5) v2E32) + c2β (E33 (2λbvt − µ2) + 2λ2v2E32)
+2 (λ3 + λ4 − λ5) v1E31 + 2cβsβ (µ3E33 − 2λ5 (v2E31 + v1E32))
)
(D19)
th15 = t
h2
5 = t
h3
5 = iA0
(
m2A1
)
(D20)
Ch16 ≡ Ch1G±G± = −
1
2
i
(
2C211E13λavt + 2v1
(E11 (C213λa + C212λ3) + C211λ1E11 + C12C11 (λ4 + λ5) E12) + 2C212E13λbvt+
2v2
(E12 (C213λb + C211λ3) + C212λ2E12 + C11C12 (λ4 + λ5) E11) + 4C213E13λcvt + 2C11C13µ1E11
+C212µ2E13 + 2C13C12µ2E12 + C211µ1E13 + 2µ3 (C11C13E12 + C12 (C13E11 + C11E13))
)
(D21)
Ch26 ≡ Ch2G±G± = −
1
2
i
(
2C211E23λavt + 2v1
(E21 (C213λa + C212λ3) + C211λ1E21 + C12C11 (λ4 + λ5) E22) + 2C212E23λbvt+
2v2
(E22 (C213λb + C211λ3) + C212λ2E22 + C11C12 (λ4 + λ5) E21) + 4C213E23λcvt + 2C11C13µ1E21+
C211µ1E23 + 2C12C13µ2E22 + C212µ2E23 + 2µ3 (C11C13E22 + C12 (C13E21 + C11E23))
)
(D22)
Ch36 ≡ Ch3G±G± = −
1
2
i
(
2C211E33λavt + 2v1
(E31 (C213λa + C212λ3) + C211λ1E31 + C12C11 (λ4 + λ5) E32) + 2C212E33λbvt+
2v2
(E32 (C213λb + C211λ3) + C212λ2E32 + C11C12 (λ4 + λ5) E31) + 4C213E33λcvt + 2C11C13µ1E31+
C211µ1E33 + 2C12C13µ2E32 + C212µ2E33 + 2µ3 (C11C13E32 + C12 (C13E31 + C11E33))
)
(D23)
th16 = t
h2
7 = t
h3
7 = i2A0
(
ξWm
2
W
)
(D24)
Ch17 ≡ Ch1H±1 H±1
= −1
2
i
(
2C221E13λavt + 2v1
(E11 (C223λa + C222λ3) + C221λ1E11 + C22C21 (λ4 + λ5) E12) + 2C222E13λbvt+
2v2
(E12 (C223λb + C221λ3) + C222λ2E12 + C21C22 (λ4 + λ5) E11) + 4C223E13λcvt + 2C21C23µ1E11+
C221µ1E13 + 2C22C23µ2E12 + C222µ2E13 + 2µ3 (C21C23E12 + C22 (C23E11 + C21E13))
)
(D25)
Ch27 ≡ Ch2H±1 H±1
= −1
2
i
(
2C221E23λavt + 2v1
(E21 (C223λa + C222λ3) + C221λ1E21 + C22C21 (λ4 + λ5) E22) + 2C222E23λbvt+
2v2
(E22 (C223λb + C221λ3) + C222λ2E22 + C21C22 (λ4 + λ5) E21) + 4C223E23λcvt + 2C21C23µ1E21+
C221µ1E23 + 2C22C23µ2E22 + C222µ2E23 + 2µ3 (C21C23E22 + C22 (C23E21 + C21E23))
)
(D26)
30
Ch37 ≡ Ch3H±1 H±1
= −1
2
i
(
2C221E33λavt + 2v1
(E31 (C223λa + C222λ3) + C221λ1E31 + C22C21 (λ4 + λ5) E32) + 2C222E33λbvt+
2v2
(E32 (C223λb + C221λ3) + C222λ2E32 + C21C22 (λ4 + λ5) E31) + 4C223E33λcvt + 2C21C23µ1E31+
C221µ1E33 + 2C22C23µ2E32 + C222µ2E33 + 2µ3 (C21C23E32 + C22 (C23E31 + C21E33))
)
(D27)
th17 = t
h3
7 = t
h3
7 = i2A0
(
m2
H±1
)
(D28)
Ch18 ≡ Ch1H±2 H±2
= −1
2
i
(
2C231E13λavt + 2v1
(E11 (C233λa + C232λ3) + C231λ1E11 + C32C31 (λ4 + λ5) E12) + 2C232E13λbvt+
2v2
(E12 (C233λb + C231λ3) + C232λ2E12 + C31C32 (λ4 + λ5) E11) + 4C233E13λcvt + 2C31C33µ1E11+
C231µ1E13 + 2C32C33µ2E12 + C232µ2E13 + 2µ3 (C31C33E12 + C32 (C33E11 + C31E13))
)
(D29)
Ch28 ≡ Ch2H±2 H±2
= −1
2
i
(
2C231E23λavt + 2v1
(E21 (C233λa + C232λ3) + C231λ1E21 + C32C31 (λ4 + λ5) E22) + 2C232E23λbvt+
2v2
(E22 (C233λb + C231λ3) + C232λ2E22 + C31C32 (λ4 + λ5) E21) + 4C233E23λcvt + 2C31C33µ1E21+
C231µ1E23 + 2C32C33µ2E22 + C232µ2E23 + 2µ3 (C31C33E22 + C32 (C33E21 + C31E23))
)
(D30)
Ch38 ≡ Ch3H±2 H±2
= −1
2
i
(
2C231E33λavt + 2v1
(E31 (C233λa + C232λ3) + C231λ1E31 + C32C31 (λ4 + λ5) E32) + 2C232E33λbvt+
2v2
(E32 (C233λb + C231λ3) + C232λ2E32 + C31C32 (λ4 + λ5) E31) + 4C233E33λcvt + 2C31C33µ1E31
C232µ2E33 + 2C33C32µ2E32 + +C231µ1E33 + 2µ3 (C31C33E32 + C32 (C33E31 + C31E33))
)
(D31)
th18 = t
h2
8 = t
h3
8 = i2A0
(
m2
H±2
)
(D32)
Ch19 ≡ Ch1ZZ =
iemW (v1E11 + v2E12)
vc2W sW
(D33)
Ch29 ≡ Ch2ZZ =
iemW (v1E21 + v2E22)
vc2W sW
Ch39 ≡ Ch3ZZ =
iemW (v1E31 + v2E32)
vc2W sW
(D34)
th19 = t
h2
9 = t
h3
9 = −i
(
(n− 1)A0
(
m2Z
)
+ξZA0
(
ξZm
2
Z
))
(D35)
31
Ch110 ≡ Ch1WW =
iemW (4E13vt + v1E11 + v2E12)
vsW
(D36)
Ch210 ≡ Ch2WW =
iemW (4E23vt + v1E21 + v2E22)
vsW
(D37)
Ch310 ≡ Ch3WW =
iemW (4E33vt + v1E31 + v2E32)
vsW
(D38)
th110 = t
h2
10 = t
h3
10 = 2
(−i ((n− 1)A0 (m2W )
+ξWA0
(
ξWm
2
Z
)))
(D39)
Ch111 ≡ Ch1ηZ η¯Z = −
iemW ξZ (v1E11 + v2E12)
2vc2W sW
(D40)
Ch211 ≡ Ch2ηZ η¯Z = −
iemW ξZ (v1E21 + v2E22)
2vc2W sW
(D41)
Ch311 ≡ Ch3ηZ η¯Z = −
iemW ξZ (v1E31 + v2E32)
2vc2W sW
(D42)
th111 = t
h2
13 = t
h3
13 = iA0
(
ξZm
2
Z
)
(D43)
Ch112 ≡ Ch1η±η¯± = −
iemW ξW (4E13vt + v1E11 + v2E12)
2vsW
(D44)
Ch212 ≡ Ch2η±η¯± = −
iemW ξW (4E23vt + v1E21 + v2E22)
2vsW
(D45)
Ch312 ≡ Ch3η±η¯± = −
iemW ξW (4E33vt + v1E31 + v2E32)
2vsW
th112 = t
h2
12 = t
h3
12 = i2A0
(
ξWm
2
W
)
(D46)
32
Ch113 ≡ Ch1fDfD = −
iemfDvE11
2v1mW sW
(D47)
Ch213 ≡ Ch2fDfD = −
iemfDvE21
2v1mW sW
Ch313 ≡ Ch2fDfD = −
iemfDvE31
2v1mW sW
(D48)
th113 = t
h2
13 = t
h3
13 = imfDA0
(
m2fD
)
Tr (In)
(D49)
Ch114 ≡ Ch1fUfU = −
iemfU vE12
2v2mW sW
(D50)
Ch214 ≡ Ch2fUfU = −
iemfU vE22
2v2mW sW
(D51)
Ch314 ≡ Ch3fUfU = −
iemfU vE32
2v2mW sW
(D52)
th114 = t
h2
14 = t
h3
14 = imfUA0
(
m2fU
)
Tr (In)
(D53)
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